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1. Introduction

Since 1943, when Warren McCulloch and Walter Pitts [2] developed the
first mathematical model of an artificial neuron, today the theory of neural
networks has developed remarkably, and has been applied to many areas of
science.

In 1982 Jhon Hopfield [1] presented a new model of a recurrent discrete
neural network, which constitutes an associative memory with many applications
such as recognition of patterns, images, signals, etc.

In this paper we construct a new discrete neural network called quadratic, in
the sense that we use the fixed points of a quadratic function constructed by Rubio
and Hernandez [3]. Our goal is to establish a criterion for the assignment of
synaptic weights to the network, which will guarantee the stability of the network
at the fixed point previously given. In addition we make an application of our
network in the area of recognition of a pattern; and we compared the results with a
Hopfield bipolar network, only in the case of a single fixed point.

2. Quadratic function

In this section we present some results obtained by Rubio and Hernéndez

[3], in which two points x,, x; € R, x, < x; are given as fixed points a priori,
and the quadratic function is determined:

f(x) =Ax>+Bx+C (1)
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where:

— Ym—Xm
(Cem—x1)(Xm—2xo)

Ym (Xo+X1)—XoX1—XF

(1 =%m) (Xm—2xo)

k C = X0X1(Ym=%m)

(em—x1)(Xm—2xo)

(2)

The point (x,,,, y,,,) is given in such a way that (x,, x,), (x4, x1) ¥ (X, V) are

non-collinear.

Using the theorem (5.1) of [3], with x,,, = x,

have:
a) x, Is a fixed point attractor.
b) x, is a fixed point repellent.

y = fi(x)

Fig. 1. Fixed point x, = 1, attractor

——
1z 3

4

—& Ym =Xp, € =0.1,we

©)

Using the theorem (5.4) of [3], with x,,, = x; + &, Vv, = x1, € = 0.1, we

have:
a) x, Is a fixed repellent point.
b) x; is an attractor fixed point.

y = fx)

1 2 3

4

Fig. 2. Fixed point x; = 3, attractor.
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3.  N-dimensional case

Let F: R™ — R™ be an application defined by

F(x) = (Fy(x), F(x), ..., By (x)),
where:

Fi(x) = Ai(Z?:l Wijx]')z + Bi(Z}Izl Wl]x]) + Ci B Vi = 1, e, L (5)
where A;, B; y C; are constants.
Now consider X,, = (x5, x5, ...,x5) € R™, such that:
filx)) =x},Vi=1,..,n (6)
where:
fiy) = A;y? + By+C;, Vi=1,..,n, isgivenby ().
Theorem 1. Let X,, = (x5, x5, -, xp) € R™, such that
filxp) =xp, Vi=1,..,n.
X, is a fixed point of F(x) if and only if Y7, w;x) = x5, Vi=1,..,n. (7)
Proof. If X,, is a fixed point of F(x), ie: F(X,) = X,, then:
Ai(Z?:l Wisz]))z + Bi(27=1 Wiszj)) + Ci = X;, ) Vi = 1, e, N
= fi(x)) = A;(x))? + Bi(xh) + C;.
Therefore:
’]?zlwijxé =x}, Vi=1,..,n

) =xh, Vi=1,..,n, then:

p
Fi(%,) = A(Zywiyxd) + By(STywyxl) + €, Vi=1,..,m,
= Ai(x;,)z +B(x})+ ¢ =fi(x}) =x}, Vi=1,..,n
Therefore:  F(X,) = X,,.
Developing (7), gives:
{Wllxé + WX + - winxy = X,

Conversely, if Y7_; w;;x

W21x; + szxg + -+ Wang = xé

kwnlxg + WipXp + - 4 Wppxp = x
The matrix associated with the previous system is:

Wi1 = Win
Wpi =t Wpp

Furthermore, from (7) we obtain:
j

X. .
wy; =1 _2?=1Wijx_zi), xp # 0, 9)
JE!
Now, for our study consider the space of Hamming H™ = {—1;1}"*, and let

X, € H™,
p
Using (9), we in this paper, establish a criterion to assign values to the
elements of matrix W, which will be the synaptic weights of the network,
considering the more general criterion proposed by Rubio and Hernandez [4].
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Criterion
For assigning values to the elements of matrix W, follow the steps.

1. h=2,

n
j
2. If >0, then wy =h. (10)
P
)
14
Theorem 2. The diagonal elements of the matrix W, are given by:
Wi = h, Vi = 1, ey, N (12)

Proof . From (9):
J
Wi = 1 —Z?zlwiji_?, le, * 0,
J#l
=1- Z?=1 h,
Jj#i
=1-h(n—1)=nh
Therefore:
Wi = h, Vi = 1, ey ML
Definition 1. Given X, € H", the point X, = —X,,, is called the Antipode point
of X,,.
Theorem 3. Letbe X, = (x}, x2,...,x}) € H,y W; = (W;3, Wiz, ..., Wy, the nth
row of W.

1. If x}, =1, then W; = hX,,. (13)
2. If xj, =—1,then W; = hX,. (14)
Proof.

, j .
1. Ifx; =1, then z—f = x;,,Vj =1,..,n;j # i. We have two cases:
14

a) If x) =1,thenw;; = h = h(1) = hx).
b) If x) = —1,then w;; = —h = h(~1) = hx,
Therefore:

W; = (hx}, hxZ, ..., hx}) = hX,.
, j .
2. Ifx, = —1,then i—f’ = —xz’,,Vj =1,..,n;j # i. We have two cases:
14

a) Ifx) =1, thenw;; = —h = h(-1) = h(—x)).
b) Ifx) = —1, then w;; = h = h(—1)(~1) = h(—x}).
Therefore:
W; = (h(=x2), h(—=x2), ..., h(—x})) = h(—X,) = hX,,.
Theorem 4. Let X;, € H™, w;; given by (10) or (11), then the matrix
W = (Wij)nxn IS Symmetric.
j .

. i L
Proof. Since xj, x{, € H' = {—1; 1}, then = x—i’ then: w;; = wy;. Therefore,
X xp

13

W is symmetric.
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Now, let us consider the functions V;: R™ — R, defined by:

Vilx) = Xicawiix;, Yi=1,..,n (15)
Then:
Vl(x) =< (Wil) Wiz, '"JWin)' (xl'x2) ---»xn) >
Vi(x) =< W, x > (16)
Theorem 5. Let x,, € H™. We then have:
1. If W; = hx,, then Vi(x,) = 1. (17)
2. If W; = hxg, then Vy(x,) = —1. (18)
Proof.

1. Ifw, = hx,, then Vl-(xp) =< hxp, xp >=h < xp,x, >= hn = 1.

2. If W; = hx,, then Vl-(xp) =< hXxq,xp, >= —h < xp,x, >= —1.

Theorem 6. Letx, € H", x, = —x,,. We then have:
1. If W; = hx,, then Vi(x,) = —1. (19)
2. If W; = hx,, then Vi(x,) = 1. (20)

Proof.

1. If W; = hx,, then Vi(x,) =< hxp,xq >= h < x,, —x, >= —1.

2. If W; = hxg, then Vi(x,) =< hxg, xq >=h < xg4,x, >= 1.

4.  Stability

In this section we prove results, which are fundamental to establish the
stability of the quadratic recurrent discrete neural network.
From (5) we have:
Fi(.X') = Ai(Z;’l:l Wl'jxj)z + Bi(z;l:l Wl]x]) + Ci , Vi=1,..,n
Thus, the application F(x) = (F;(x), ..., E,(x)) is differentiable of class C*(R™).
Then:

oF; _
gx(:) - 2Ai(2}1=1 wij X Wi + Biwy,, Vi k=1,..,n,
aFl'
T = A}y wiy ) + Bowa @)
Therefore, from (21) the Jacobian matrix de F in x,, € H™, is:
OF; .
JF(xp) = (o) = (A (S Wi ) + B)Wid 22)

Theorem 7. Let x,, = (x%, ...,x},}) € H™, x{, are attracting fixed points given by
(3) or (4), and W = (w;)nxrn the matrix given by (8). We then have:

7F Gep)ll,, < Wl (23)
Proof. From (21) we have:
k=1 |61:ai§;p) = ieoa| QA(ZFo1 wij ) + BYwie|
= Yioa|RA(XTy wij x;) + By)|Iwiel
< Lk=1Iwirl < W lc.
Therefore:  [JF(xp)||_ < W lloo.
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Theorem 8. Let W = (w;;)nx, be the matrix given by (8).
Then
Wl = 1. (24)
Proof. Since h = % then:
Yr=tlwil =Xk=1lth| =hn =1, Vi=1,..,n
Therefore:

IWlle = 1.
Theorem 9. If x, € H = {-1;1}, are fixed points attracting of the functions

i) =Ay*+By+C,Vi=1,.,n then x,=(x},..,x7) is a fixed point
attractor of F(x).
Proof. By theorem (7), we have ||JF(x,)||_ < IWlle, and by theorem (8), we

have |[Wlle = 1,then |JF(x,)|| < 1. Therefore, x, is an attractor point.

Theorem 10. If x,, € H™ is a fixed point attractor of F, then x, = —x,, it is a

repellent fixed point of F.
Proof. Since F(x,) = F(—x,), we have:

F(xa)_A(ZWU a)2+B ZWU J +Ci: vi=1,..,n

F(xa)—A(ZWU( xp))2+B ZWU( x) |+ G vi=1,.

=Ai(2j=1Wij p) B(Z =1 Wij X p)+Cll Vi=1,.
= A;(x)? = Bi(x}) + C;, Vi=1,..,n
= Ai(—x))* + Bi(—x}) + C;, Vi=1,..,n
= fi(—xli,) =—x,=—x5,Vi=1,.,n
Therefore:
F(x,) =x, ,and as x} is a fixed point attractor Vi = 1,...,n, then —x} itisa
repellent fixed point. Therefore x, itis a repellent fixed point of F.

5.  Application

In this section we give an application of our quadratic recurrent neural
network to the recognition of a pattern.

Using (2), (3) and (4), with x, = —1, x; = 1, we construct the quadratic
functions:
a) fi(x) = —0.4762x% + x + 0.4762, with x; = 1, fixed point attractor.
b) f-(x) = 0.4762x% + x — 0.4762, with x, = —1, fixed point attractor.
Example 1. The pattern given in Figure 3 is represented using 64 neurons. In
addition, the disturbed pattern is considered, a tolerance equal to 0.01; and the
information is processed using our quadratic recurrent neural network. As can be
seen in the figure, our neural network allows to completely regenerate the pattern.
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& 64 Neurons - pattern recognition g@@
Pattern Pattern with noise
OO O] HEEEENC .
CICJECIC ML HEE EEEE
CImCJo ] DO /M
EEEEEEEE E EEEEEE
OmoJojoomc) oo
CIEC NN N JENECEE
LML /NN N /EENEN
CIEC N .
Talerance (] Pattern reconstructed
- Hommmer
\L‘ Pattem reconstructed D-I:H:”:“:l-l:l
mommmag
Clear
e o mE e me
0.00774203432686743
e | C /ML I
Nro. Cycles Iil

Fig. 3. Result of the quadratic neural network.

The following figure shows that the perturbation of the initial pattern is
greater than the previous one; however, our quadratic recurrent neural network
allows a complete regeneration of the pattern, which is not the case with a single-
point bipolar Hopfield neural network.

®| 64 Neurons - pattern recognition @@E
Pattern Pattern with noise
CICJC M0 I /m
OomO ] oM,
CIMCIC ] JC IMeC ] CICIC I /I
EEEEEEENE [ C/mCmCi0]
CIMCICJCOmc] OO ooce]
| | | Imn] I |
CIMCEECIEC] N0 e]
L mm W] oo im
Tolerance om Pattern reconstructed
Result DDD--DDD
_______________________ - L OCmOC e
Start E ‘attern reconstructe D-DDDD-D
mommmmgs
e @RS
End CJECOEEC ]
M. Cycles

Fig. 4. Greater disturbance in the pattern.
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Example 2. Consider the pattern given by the figure.

Fig. 5. Letter A.

Which is represented using 16 neurons:

p=[-111-1,1-1,-1,1,1,1,1,1,1,-1,-1,1].
Using a Hopfield bipolar network with a single pattern to be memorized, the
matrix of synaptic weights is given by the table:

o |-1 -1 |1 -1 |1 1 /-1 (-1 |1 |-1|-1|-1]1 1 |1
-1 10 1 /-1 |11 |-1|-1]1 1 1 1 1 1 /-1 (-1 |1
-1 11 o |-1 1|1 (-1 1 1 1 1 1 1 /-1 (-1 |1
1 ]/-1 -1 |0 -1 |1 1 /-1 (-1 |1 |-1|-1|-1]1 1 |1
-1 11 1 /-1 0 |-1 |11 1 1 1 1 1 /-1 |-1 |1
1 ]/-1 -1 |1 -1 0 1 /-1 (-1 |1 |-1|-1|-1]1 1 |1
1 /1121121 ,0}-1 -1 }-1 |1 -1 |11 1 |1
-1 11 1 /-1 1 |-1 |10 1 1 1 1 1 |1 |-1 |1
-1 11 1 /-1 (1 |-1 -1 |1 0 1 1 1 1 |1 |-1 |1
-1 11 1 /-1 |11 |1 |-1]1 1 1]0 1 1 1 |1 |-1 |1
-1 11 1 /-1 |11 |1 |-1]1 1 1 1]0 1 1 |1 |-1 |1
-1 )1 1 /-1 |11 |-1|-1]1 1 1 1 1]0 1 |1 |-1 |1
-1 )1 1 /-1 |11 |-1|-1]1 1 1 1 110 (-1 |-1 |1
1 /-1 -1 |1 |-1]1 1 /-1 -1 }-1 -1 |-1 1|0 |-1 |-1
1 /-1 -1 |1 |-1]1 1 /-1 -1 |1 |1 |1 ]-1]1 0 |-1
-1 )1 1 /-1 |11 |-1|-1]1 1 1 1 1 1 |-1 (-1 0

Table 1. Table of the synaptic weights

Now, we enter the disturbed pattern:
pert =[1,-1,1,1,-1,1,-1,-1,—-1,-1,1,-1,-1,1,— 1,1].
Which goes to the fixed point:
Ps=[1,-1,-1,1,-1,11,-1,-1,-1,-1,-1,-1,1,1,-1],
That corresponding to:

Fig. 6. Antipode fixed point.
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As shown, when entering Pert, the network does not converge to the
pattern P; but to the antipode -P.

Now, we use our quadratic recursive neural network with the pattern P,
and the disturbed Pert pattern. After processing the information our network is
stabilized obtaining the initial pattern; which is not the case with the Hopfield
network.

& 16 Neurons - patiern recognition M=
(] N .
ML N [/ ]
HEEN [ W]
NN (/N =

Tolarance

Fesult Patterm reconstiucted
Error 0.062352182632453

Mro Cycles EI - l:l I:I -

i Clear | Erd |

Fattern reconstructed

[ ]
.

Fig. 7. Result of the quadratic recursive neural network.

In the following example, we further modify the pattern P; we process the
information with our quadratic recurrent neural network; and we see that it
stabilizes allowing to reconstruct the initial pattern; which is observed in the
following figure.

=| 16 Neurons - pattern recognition (=T
Pattern Fattern with noise
] oD
/W L]
HEEE /[ ][]
H ['H (/N .

Tolerance

Pattern reconstructed

et
Error 0.0242278567908403 - I:I I:I -
e [

Gt | Clear ‘ End |

Fig. 8. Stability of the quadratic recurrent neural network.
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This shows that our quadratic recursive neural network presents an
improvement over the Hopfield network in the case of a single fixed point.

6. Conclusion

In this paper we construct a new quadratic discrete recurrent neural network
with a fixed point attractor given previously, using the fixed points of quadratic
functions given by (1) — (4).

Using the relation given in (9); we established a criterion for assigning
values (synaptic weights) to the elements of matrix W; which allowed to prove
that the ||W ||, = 1.

In theorem 7 it is proved that the norm of the Jacobian matrix associated
with the neural network at fixed point x,, is less than ||W||s ; which guarantees
the stability of the fixed point; methodology different from that used by Hopfield
[1], which makes use of the energy function associated to the system.

This new quadratic discrete recurrent neural network behaves as auto-
associative memory; allowing to reconstruct objects from certain information; as in
the recognition of images, sounds; as in the application example to the recognition
of a pattern.
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